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Parton distribution functions are key quantities for us to understand the hadronic struc-
tures in high-energy scattering, but they are difficult to calculate from lattice QCD.
Recent years have seen fast development of the large-momentum effective theory which
allows extraction of the x-dependence of parton distribution functions from a quasi-
parton distribution function that can be directly calculated on lattice. The extraction
is based on a factorization formula for the quasi-parton distribution function that has
been derived rigorously in perturbation theory. A systematic procedure that includes
renormalization, perturbative matching, and power corrections has been established to
calculate parton distribution functions. Latest progress from lattice QCD has shown
promising signs that it will become an effective tool for calculating parton physics.
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1. Introduction
Understanding the inner structure of hadrons has been one of the most important
questions underlying our understanding of nature. However, it remains a challenging
∗This writing is based on a talk for the T-2 Theory Seminar at Los Alamos National Laboratory
on Feb. 1, 2018.
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task to have a precise picture of the hadrons from both theory and experiment. Take
the proton as an example. It is well known that the proton is a bound state of three
valence quarks and has a size of about 1 fm or 1/(200 MeV). The structure of
the proton is much more abundant if one increases the resolution to much smaller
than 1 fm. Due to the vacuum fluctuation and non-Abelian gauge interaction in
quantum chromodynamics (QCD), quark-antiquark pairs and gluons are created
and annihilated at every instant. The proton is actually a system of infinite number
of quarks and gluons that are moving relativistically with spin and orbital angular
momentum. To measure the distribution and motion of the quarks and gluons inside
the proton, one needs to increase the energy of the probe to much higher than 200
MeV, which could end up breaking the proton into pieces.
The deep inelastic scattering (DIS) and proton-proton (pp) collision are the most
important experiments of this kind to measure the quark and gluon structures of the
proton. In DIS or pp collision experiments, the probe is accelerated to a few GeV to
TeV to collide with a proton which is at rest or also moving at large momentum. To
the probe, the proton is moving at almost the speed of light, v ∼ c. Due to Lorentz
dilation effect, the quarks and gluons contract in the longitudinal direction. When
the probe interacts with the quark or gluon inside the proton, it usually exchanges
a hard momentum Q within a short time t ∼ Q−1, which is much smaller than the
time scale Λ−1QCD of the interactions between the quarks and gluons bound inside the
proton. Therefore, we can approximate this hard process as the probe interacting
with a free quark or gluon without the influence from the spectator quarks and
gluons. As a result, the proton can be treated as a beam of free quarks and gluons
with each carrying a certain fraction of its longitudinal momentum.
This is Feynman’s simple parton model1 that was introduced to describe hadrons
in DIS experiments in the late 1960s. The probability density of a parton carrying a
given fraction of the longitudinal proton momentum is called the parton distribution
function (PDF). The PDFs not only provide structural information of the hadron
in the longitudinal momentum space, but are also key inputs for making predictions
in the Standard Model for colliders such as Tevatron and LHC. According to QCD
factorization theorems,2 the cross section for a hard scattering process can be fac-
torized as convolution of a partonic cross section and the PDF. The former can be
analytically calculated in perturbative QCD, while the latter is a universal property
of the hadron that is instrinsically infrared (IR) and nonperturbative. In the past
half century, tremendous efforts have been made to extract the PDFs from high-
energy experiments at state-of-the-art hadron physics programs including SLAC,
DESY, FermiLab, CERN, Jefferson Lab, RHIC, etc. Currently, our best knowledge
of the PDFs comes from the global analysis of cross section data ,3–7 which has
achieved high precision for certain range of parton flavors and kinematics and made
significant contributions to nuclear and particle physics such as the discovery of the
Higgs boson.8,9
The remarkable experimental achievements on the determination of PDFs have
motivated theoretical efforts to calculate them from first principles. Compared to
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the exisiting experiments that are limited to certain parton flavors, spin strucutres
and range of Bjorken-x,10 one should expect the theoretical calculation to cover
complementary—if not complete—information of the PDFs. If a systematic ap-
proach to calculate the PDFs is available, then the time and cost of improving the
precision is likely to be shorter and less than buidling more advanced and powerful
colliders.
In modern theory, the PDFs are defined from the light-cone correlators of quarks
and gluons in a hadron state. For example, the unpolarized quark PDF is
qi(x, µ) ≡
∫
dξ−
4pi
e−ixP
+ξ−〈P ∣∣ψ¯i(ξ−)γ+W (ξ−, 0)ψi(0)∣∣∣∣
µ
∣∣P〉, (1)
where x ∈ [0, 1] is the momentum fraction of the parton, i is a flavor index, the
hadron momentum Pµ = (P 0, 0, 0, P z), and ξ± = (t ± z)/√2 are the light-cone
coordinates. The Wilson line W is given by the path-ordered exponential
W (ξ−, 0) ≡ P exp
(
− ig
∫ ξ−
0
dη−A+(η−)
)
. (2)
The light-cone correlator is renormalized in the MS scheme at scale µ. The PDF
defined in Eq. (1) is gauge invariant and does not depend on the hadron momentum
P z or P+. In the light-cone gauge A+ = 0, it can be expanded in terms of free-field
operators, giving a clear interpretation of parton number density in the longitudinal
momentum space,
qi(x) ∼
∫
dk+d2k⊥δ(k+ − xP+)〈P |nˆ(k+,~k⊥)|P 〉 , (3)
where nˆ(k+,~k⊥) is a quark number density operator.
Since the PDF is a hadron matrix element, it is natural to calculate it from
lattice gauge theory, the only practical approach to solve nonperturbative QCD so
far. However, it has been extremely difficult to compute the PDFs directly from the
Euclidean lattice due to the real-time dependence of the light-cone correlator. It is
genuinely difficult to analytically continue the imaginary-time results from lattice
to real-time to obtain the Minkowskian matrix elements. Neither can one define a
nonlocal lightlike separation z2 = 0 in the Euclidean space, as only zµ = (0, 0, 0, 0)
satisfies this condition. Instead, early efforts have focused on the lattice calculation
of Mellin moments of the PDF, which are given by matrix elements of local gauge-
invariant twist-two operators,∫ 1
−1
dx xnq(x) ∼ nµ0nµ1 · · ·nµn〈P |ψ¯(0)γ{µ0i
←→
D µ1 · · · i←→D µn}ψ(0)|P 〉 , (4)
where nµ = (1, 0, 0,−1)/
√
2,
←→
D µ = (
−→
∂ µ − ←−∂ µ)/2 + igAµ, and {· · · } stands for
symmetric and traceless Lorentz indices. The matrix elements of these local twist-
two operators can be readily calculated in lattice QCD, but the noise of calculat-
ing derivative operators increases with the number of moments. Moreover, due to
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the breaking of rotational symmetry on a discretized lattice, there will be power-
divergent mixing between higher- and lower-dimensional operators which are under
the same representation of the hypercubic H(4) group, which makes it impossible
to calculate higher moments without a challenging subtraction of the power diver-
gences. Therefore, only the lowest three moments of the PDFs have been calculated
in lattice QCD,11–15 as one can choose particular Lorentz indices to avoid such
power-divergent operator mixing.
Not long ago, a breakthrough was made by Ji with the proposal of the large-
momentum effective theory (LaMET)16,17 to calculate light-cone parton physics
from lattice QCD. In LaMET, one starts from certain Euclidean observables in
a large-momentum hadron state, and then match their matrix elements onto the
corresponding light-cone parton observables through a factorization formula that
can be systematically quantified. The quasi observable for the PDF is the so-called
“quasi-PDF” which is defined from an equal-time correlator that can be directly
calculated on lattice, thus allowing for an extraction of the x-dependence of the
PDFs from lattice QCD. Ever since it was proposed, LaMET has been actively
applied to the lattice calculations of gluon helicity contribution to the proton spin,18
and, especially, the unpolarized, helicity and tranvsersity isovector quark PDFs
in the proton19–28 and pion,29–32 as well as meson distribution amplitudes.33,34
Notably, the most recent lattice calculation of the unpolarized and helicity isovector
quark PDF at physical pion mass23,24,26–28 and large proton momentum26–28 have
shown remarkable agreement with the global analysis in the moderate-x region, and
the transversity isovector quark PDF has reached a precision that is much better
than the most up-to-date fit of experimental data.24,28
Meanwhile, it is worthwhile to mention that other approaches have also been
proposed to calculate the PDFs from lattice QCD in recent years. To calculate
higher moments of the PDFs, a method was invented to restore the rotational sym-
metry in the continuum limit that helps avoid the power-divergent mixings,35 which
allows the calculation of higher moments of the PDFs. Another approach uses the
operator product expansion (OPE) of the Compton amplitude from a heavy-to-light
current-current correlator to extract the higher moments, where the heavy quark
mass acts as the expansion parameter.36 Recent progress with this approach has
been reported in Ref. 37. A direct OPE of the Compton amplitude has also been
used to extract structure functions in Ref. 38. Besides, there are also approaches
based on the factorization of Euclidean correlators in the coordinate space,39,40 or
more general “lattice cross sections” which are essentially matrix elements of opera-
tors that are calculable on Euclidean lattices.41,42 Especially, the recently proposed
“pseudo-PDF” approach starts from the same correlator that defines the quasi-PDF
and is based on a factorization formula in coordinate space.43–46 This factorization
formla is equivalent to that for the quasi-PDF in momentum space,47,48 and pro-
vides an alternate way to extract the PDF from lattice matrix elements of the
equal-time correlator. Finally, there is a proposal that aims at direct calculation of
the physical hadronic tensor from lattice QCD to extract the structure functions or
April 29, 2019 MIT-CTP/5093
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PDFs.49–53 For a complete review of all the proposals, see Ref. 54.
In this paper, we will elaborate on the systematic procedure of calculating the
PDFs with the LaMET approach a. In Sec. 2, we will introduce the general formalism
of LaMET; In Sec. 3, we will discuss the renormalizability of the quasi-PDF and
provide a rigorous derivation of its factorization formula; In Sec. 4, we lay out a
nonperturbative renormalization program for the quasi-PDF in lattice QCD, and
calculate the one-loop matching kernel to extract the light-cone PDF; In Sec. 5,
we will discuss hadron mass and higher-twist corrections which are suppressed by
powers of the large momentum; We will present several recent lattice results of the
isovector quark PDFs in Sec. 6, discuss recent developments in the calculations of
gluon PDF, the generalized parton distributions (GPDs) and transvere momentum
dependent (TMD) PDFs in Sec. 7, and conclude in Sec. 8.
2. General formalism
In modern language, parton physics is formulated on the light-cone (ξ+ = 0), which
is invariant under a Lorentz boost in the z-axis. In light-cone quantization with
A+ = 0, all partonic observables have clear particle number density interpretations,
as shown in Eq. (3). Compared to the simplicity of the light-cone formalism, it is
more intuitive to boost the equal-time (x0 = 0) picture of the hadron to the infinite
momentum frame (IMF), but the latter is not often used to describe parton physics
in literature.
In the equal-time picture, one can also define a longitudinal momentum distri-
bution of the quark or gluon, or the quasi-PDF,16
q˜i(x, P
z,Λ) ≡
∫
dz
4pi
eixP
zz
〈
P
∣∣ψ¯i(z)ΓW (z, 0)ψi(0)∣∣P〉 , (5)
where Γ = γt or γz, Λ is the ultraviolet (UV) momentum cutoff, and the spacelike
Wilson line is
W (z, 0) = P exp
(
− ig
∫ z
0
dz′Az(z′)
)
. (6)
When the hadron is moving at finite momentum, relativistic quantum fluctuations
allow the quarks and gluons to escape the hadron in the forward and backward
directions, thus extending their momentum fraction x to [−∞,∞]. However, unlike
the PDF, the quasi-PDF is not frame independent. Owing to gauge interactions, a
quark or gluon will be transformed into a quark or gluon plus an infinite number
of quarks and gluons under a Lorentz boost in the longitudinal direction, so this
distribution depends dynamically on the hadron momentum P z. Nevertheless, in
the IMF limit of P z  Λ, all the vacuum pair productions are suppressed by the
aNote that a comprehensive review of the lattice calculation of PDFs with LaMET has also ap-
peared in a recent publication 55.
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infinite hadron momentum,56 and thus quarks and gluons can only move forward
with x restricted to [0, 1]. As a result, the frame-dependent quasi-PDF reduces to
the frame-independent PDF in this limit.
This picture of the hadron under an infinite Lorentz boost has also been used
to justify the physical meaning57–60 of the naive sum rule of the proton spin,61
as frame-dependent quasi- gluon spin and quark/gluon orbital angular momentum
operators all converge into the boost-invariant partonic spin and orbital angular
momenta in the IMF limit.
However, in a theory with UV cutoff Λ, the physical matrix elements can only
be evaluated at P z < Λ. Especially, on a lattice with spacing a, the hadron matrix
elements can only be calculated with momentum P z  a−1, and the continuum
limit a → 0 must be taken first to extract the physical results. In quantum field
theory, the P z →∞ and Λ→∞ limits are not exchangeable, and a direct extrap-
olation of the quasi-PDF q˜i(x, P
z,Λ) to P z → ∞ limit does not exist due to its
dynamical dependence on P z. Fortunately, when P z is much larger than the soft
scales ΛQCD and hadron mass M , changing the limits of P
z →∞ and Λ→∞ does
not affect the contribution from the IR degrees of freedom at the scale of ΛQCD and
hadron mass M . Therefore, in the window of Λ P z  {ΛQCD,M}, the difference
between the quasi-PDF q˜i(x, P
z,Λ) and the PDF qi(x, µ) is only in the UV part,
which can be calculated analytically in perturbative QCD.
The exact relation between the quasi-PDF and PDF is given by a factorization
formula in LaMET,16,17 which is a systematic expansion in 1/P z,
q˜i(x, P
z,Λ) = Cij(x, P
z,Λ, µ)⊗ qj(x, µ) +O
(
Λ2QCD
P 2z
,
M2
P 2z
)
, (7)
where the second term includes all the power corrections, and the leading power
contribution to the quasi-PDF can be factorized into the convolution of a perturba-
tive matching coefficient C and the PDF. C only depends on the hard scales P z, Λ,
and µ. The convolutional form can be derived rigorously from perturbative QCD,
as will be shown in Sec. 3.
In principle, C can absorb all the UV divergences in the bare matrix element
of the quasi-PDF,62 so that the renormalization is included in the matching proce-
dure. But in practice, to extract the light-cone PDF qi(x, µ) from the quasi-PDF
q˜i(x, P
z,Λ = a−1) simulated on lattice, one usually needs to first renormalize the
latter in order to take the continuum limit. The renormalization can be done in
lattice perturbation theory,63 as has been studied in Refs.,64–67 but its convergence
cannot be guaranteed due to the linear power divergence in the quasi-PDF.62 There-
fore, a nonperturbative renormalization scheme is favored for the lattice calculation,
which will be discussed in detail in Sec. 4.
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3. Renormalization and factorization
As has been discussed in the previous section, it is desirable to renormalize the
quasi-PDF nonperturbatively on lattice in order to take the continuum limit. First
of all, one has to prove that the quasi-PDF, or the nonlocal quark bilinear operator
O˜Γ(z) = ψ¯(z)ΓW (z, 0)ψ(0) from which the quasi-PDF is defined, is renormalizable.
It is known from the first one-loop calculation62 that the quasi-PDF includes
linear power divergence that orginiates from the self-energy of the Wilson line in
O˜Γ(z). Later, a two-loop renormalization of the quasi-PDF in the momentum space
was carried out in the MS scheme,68 where the power divergence vanishes and
all logarithmic UV divergences can be factored into the renormalization constant.
Since then, the study has been focused on the all-order proof of the multiplicative
renormalizability of the quasi-PDF.
The renormalization of Wilson lines have been well studied in literature. Using
the path integral formalism where an open smooth Wilson line can be replaced
by the two-point function of an auxiliary field, it was elegantly proved that its
renormalization is multiplicative in the coordinate space.69,70 The proof concludes
that the Wilson line W (z, 0) of our interest can be renormalized as
W (z, 0) = Z e−δm|z|WR(z, 0) , (8)
where δm is of mass dimension and includes all the linear power divergence if
there is a gauge-invariant UV cutoff regulator, and Z captures all the logarithmic
divergences that does not depend on the coordinate z. The fields and couplings
in the Wilson line are renormalized ones on both the l.h.s. and r.h.s. of Eq. (8).
This relation echoes the renormalizability of closed Wilson loops that has also been
proved using Ward identities.71
The renormalization relation in Eq. (8) was postulated to be applicable to non-
local quark bilinear operators that include the same Wilson line,64,72 i.e.
O˜Γ(z) = Zψ,Z e
−δm|z|O˜RΓ (z) , (9)
and was verified at one loop in the transverse-momentum cutoff regularization
scheme.73 Here δm is the same as that in the Wilson line self-energy, and Zψ,Z
includes additional logarithmic divergences at the end points as well as the quark
wavefunction renormalization. This relation was later proved independently using
the auxiliary field method74,75 and a full diagrammatic analysis.76 Moreover, the
renormalization is diagonal in quark flavors and has no mixing with the gluon quasi-
PDF, that is,
ψ¯i(z)ΓW (z, 0)ψi(0) = Zψ,Z e
−δm|z| [ψ¯i(z)ΓW (z, 0)ψi(0)]R . (10)
The above proof has also been generalized to the gluon case, as the equal-time
correlator used to define the gluon quasi-PDF can also be multiplicatively renor-
malized in the coordinate space77,78 up to a contact term.77
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Based on the above results, we can study the OPE of the renormalized nonlocal
quark bilinear O˜Γ(z, µ) in the MS scheme to derive the factorization formula for the
quasi-PDF. For simplicity, we take Γ = γz, and the conclusion also applies to the
Γ = γt case.
In the limit of |z| → 0, O˜Γ(z, µ) can be expanded in terms of local gauge-invariant
operators,48
O˜γz (z, µ) =
∞∑
n=0
[
Cqn(µ
2z2)
(−iz)n
n!
eµ1 · · · eµnOµ0µ1···µnq (µ)
+ Cgn(µ
2z2)
(−iz)n
n!
eµ1 · · · eµnOµ0µ1···µng (µ) + higher-twist terms
]
,
(11)
where eµ = (0, 0, 0, 1), µ0 = z, C
q
n = 1 + O(αs) and C
g
n = O(αs) are the Wilson
coefficients, and Oµ0µ1···µnq (µ) and O
µ0µ1···µn
g (µ) are the only allowed renormalized
traceless symmetric twist-2 quark and gluon operators at leading power in the OPE,
Oµ0µ1...µnq (µ) =Z
qq
n+1
(
ψ¯γ(µ0iDµ1 · · · iDµn)ψ − trace) , (12)
Oµ0µ1...µng (µ) =Z
qg
n+1
(
F (µ0ρiDµ1 · · · iDµn−1F µn)ρ − trace
)
.
Here Zijn+1 = Z
ij
n+1() are multiplicative MS renormalization factors and (µ0 · · ·µn)
stands for the symmetrization of these Lorentz indices.
The above OPE is valid for the operator itself, where we implicitly restrict the
expansion to the local operators whose forward matrix elements do not vanish.
Moreover, we only consider the iso-vector case i = u − d, so the mixing with the
gluon operators is absent. When Oµ0µ1···µnq is evaluated in the hadron state |P 〉,
〈P |Oµ0µ1···µnq |P 〉 = 2an+1(µ) (Pµ0Pµ1 . . . Pµn − trace) , (13)
where an+1(µ) is the (n+ 1)-th moment of the PDF,
an+1 (µ) =
∫ 1
−1
dxxnq (x, µ) . (14)
When contracted with eµ1 · · · eµn , the trace contribution in Eq. (13) is exactly the
mass corrections of O(M2/P 2z ) in Eq. (7), whose explicit expression of the trace
term have been derived in Ref.21,79,80 and will be discussed in Sec. 5.
The Wilson coefficients Cqn(µ
2z2) in the OPE of O˜γz (z) can be calculated in
perturbation theory, and the one-loop results are48
Cqn(µ
2z2) =1 +
αsCF
2pi
[(
3 + 2n
2 + 3n+ n2
+ 2Hn
)
ln
µ2z2e2γE
4
+
7 + 2n
2 + 3n+ n2
+ 2(1−Hn)Hn − 2H(2)n
]
, (15)
where CF = 4/3, and the Harmonic numbers are Hn =
∑n
i=1 1/i and H
(2)
n =∑n
i=1 1/i
2.
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Based on Eqs. (13-15), we can obtain the leading-twist approximation of the
hadron matrix element of the nonlocal quark bilinear O˜γz (z, µ) as
〈P |O˜γz (z, µ)|P 〉
2P z
=
∑
n
Cqn(µ
2z2)
(izP z)n
n!
∫ 1
−1
dy ynq (y, µ) +O
(
z2Λ2QCD,
M2
P 2z
)
.
(16)
Note that in the above approximation we have used |z|  Λ−1QCD and implied P z 
M , but the latter limit is not compulsory as we can keep the kinematic trace terms
in the leading-twist contribution, and it is known how to absorb them into the quasi-
PDF.21 In the large momentum limit P z  {ΛQCD,M}, we will have P z ∼ P 0,
so Eq. (16) still stands for O˜γ0(z, µ) except that the Wilson coefficients C
q
n are
modified by a finite constant.48
After Fourier transforming to the momentum space, we obtain the quasi-PDF
in the MS scheme and derive the factorization formula for it,48
q˜
(
x, P z, µ
)
≡
∫
dz
4piP z
eixP
zz 〈P |O˜γz (z, µ)|P 〉
=
∫ 1
−1
dy
|y|
[∫
d(yP zz)
2pi
ei
x
y ·yP zz
∑
n=0
Cqn
(µ2(yP zz)2
(yP z)2
) (−iyP zz)n
n!
]
q (y, µ)
+O
(
Λ2QCD
x2P 2z
,
M2
P 2z
)
. (17)
It is evident that the matching kernel is a function of x/y and µ/(|y|P z), so we
define it as
C
(
x
y
,
µ
|y|P z
)
≡
∫
d(yP zz)
2pi
ei
x
y ·P zz
∑
n=0
Cqn
(µ2(yP zz)2
(yP z)2
) (−iyP zz)n
n!
, (18)
and rewrite Eq. (7) as
q˜ (x, P z, µ) =
∫ 1
−1
dy
|y| C
(x
y
,
µ
|y|P z
)
q (y, µ) +O
(
Λ2QCD
x2P 2z
,
M2
P 2z
)
. (19)
Compared to the same formula derived before,48 the higher-twist contributions are
suppressed by powers of xP z instead of P z, because it is xP z that is the Fourier
conjugate to z. Therefore, the small-x quasi-PDF includes larger higher-twist correc-
tions. Note that in a recent work on the renormalon ambiguity in the factorization
formula in Eq. (19)81 for MS quasi-PDF, it was concluded that the power correc-
tions include a term that scales as Λ2QCD/[x
2(1−x)P 2z ], which indicates that power
corrections at x→ 1 is also important.
The factorization formula in Eq. (19) is derived for the quasi-PDF in the MS
scheme, but it can be easily generalized to the other renormalization schemes.48
Since the quasi-PDF is multiplicatively renormalizable in the coordinate space, we
can convert between different schemes perturbatively, which in effect proves the
factorization formula for the quasi-PDF in other schemes than MS.
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4. Nonperturbative renormalization on lattice and matching
As has been explained in Sec. 2, it is desirable to perform a nonperturbative renor-
malization of the quasi-PDF on lattice first so that we can extract its continuum
limit. Several different nonperturbative schemes have been proposed in literature.
One of the choices is to determine δm in Eqs. (8) and (9) nonperturbatively from
the static quark-antiquark potential.33,64,72,75 δm includes a linearly divergent term
∝ 1/a which will cancel such divergence in the nonlocal quark bilinear O˜Γ(z) on
lattice. After the nonperturbative subtraction of linear power divergence from the
quasi-PDF, one can then renormalize the logarithmic divergences using either lat-
tice perturbation theory64–66 or other nonperturbative schemes for local composite
operators.75 However, to match the renormalized quasi-PDF in this mixed scheme,
one has to calculate δm perturbatively in the corresponding scheme, which is cur-
rently not clear and might have to be done in lattice perturbation theory.
A more direct nonperturbative renormalization can be performed in the
regulator-independent momentum subtraction (RI/MOM) scheme,82 which has
been widely used for the lattice renormalization of local composite quark opera-
tors that are free from power-divergent mixings. Since the nonlocal quark bilinear
O˜Γ(z) is of the lowest mass dimension of its kind, it cannot mix with other oper-
ators in a power-divergent way. Given that it is multiplicatively renormalizable in
coordinate space, we can also implement the RI/MOM scheme for the quasi-PDF
on lattice.66,83
Before we proceed with the RI/MOM renormalization, it should be noted that
due to the breaking of chiral symmetry in Wilson-type fermion actions, there is
additional operator mixing in O˜Γ(z).
66,75,84 For Γ = γz, the operator can mix with
the scalar case with Γ = I at O(a0). For Γ = γt, there is no mixing at O(a0).
To reduce the systematic uncertainties from lattice renormalization, it is preferred
to choose Γ = γt and Γ = γ5γz for the unpolarized and polarized quark PDF
respectively.
For each z, the RI/MOM renormalization factor Z is calculated nonperturba-
tively on lattice by imposing the condition that the renormalized quasi-PDF in an
off-shell quark state is equal to the tree-level value at a perturbative subtraction
point,
Z−1(z, pRz , µR, a
−1)〈p|O˜γt(z)|p〉
∣∣∣p2 = −µ2R
pz = p
R
z
= 〈p|Oγt(z)|p〉tree , (20)
The bare matrix element 〈p|O˜γt(z)|p〉 is defined from the amputated Green’s func-
tion Λγt(p, z) of the nonlocal quark bilinear O˜γt(z). Since the Green’s function is
not gauge invariant, one needs to fix the gauge condition on lattice, which is usually
chosen to be the Landau gauge. Λγt(p, z) is calculated nonperturbatively on lattice
with a projection operator P for the Dirac matrix,∑
s
〈p, s|Oγt(z)|p, s〉 = Tr [Λγt(z, p)P] . (21)
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Since O˜γt(z) is not boost invariant in the z direction, its matrix element will depend
not only on the four-momentum squared p2, but also on the momentum component
pz, so we have to fix both scales at the subtraction point p2 = −µ2R, pz = pRz . On
lattice, the external momentum pµE is Euclidean, so the subtraction point p
2
E = µ
2
R.
As a result, the renormalization factor Z(z, pRz , µR, a
−1) also must depend on µR
and pRz . To work in the pertubrative region and control the lattice discretization
error of order O(a2µ2R, a
2(pRz )
2), one must work in the window ΛQCD  µR  a−1,
pRz  a−1, which is attainable if the lattice spacing is small enough.
According to the H(4) symmetry on lattice, the amputated Green’s function
Λγt(p, z) is not only proportional to the tree-level matrix element γ
t, but also in-
cludes two other independent Lorentz structures:85
Λγt(p, z) = F˜t(p, z)γ
t + F˜z(p, z)
ptγ
z
pz
+ F˜p(p, z)
pt/p
p2
, (22)
where F˜i’s are form factors that are invariant under the hyper cubic group H(4).
Therefore, Z(z, pRz , µR, a
−1) also depends on the projection operator P. F˜t includes
all the UV divergences in Λγt(p, z), while F˜z and F˜p are UV finite. We can choose
P to only sort out F˜t,83 which is named as the minimal projection.85 On the other
hand, we can also choose P = /p/(4pt),83 which is named as the /p projection.85 The
renormalization factor Z with the minimal and /p projections are
Zmp(z, p
R
z , µR, a
−1) ≡F˜t(p, z)
∣∣∣p2E = µ2R
pz = p
R
z
, (23)
Z/p(z, p
R
z , µR, a
−1) ≡
[
F˜t(p, z) + F˜z(p, z) + F˜p(p, z)
]∣∣∣∣p2E = µ2R
pz = p
R
z
. (24)
Then, the bare hadron matrix element of the O˜γt(z)
h˜(z, Pz, a
−1) =
1
2P 0
〈P |O˜γt(z)|P 〉 (25)
is renormalized in coordinate space as
h˜R(z, Pz, p
R
z , µR) = lim
a→0
Z−1(z, pRz , a
−1, µR)h˜(z, Pz, a−1) , (26)
where h˜R(z, Pz, p
R
z , µR) is the renormalized matrix element. At finite lattice spacing
a, h˜R(z, Pz, p
R
z , µR) could still have discretization errors which is polynomial in a,
so one is expected to perform calculation at different spacings and extrapolate to
the continuum limit.
The next step is to match the renormalized quasi-PDF to the MS PDF. Since the
renormalized matrix element is indepenent of the UV regulator, we should obtain
the same result even in dimensional regularization under the same renormalization
scheme, i.e.,
lim
a→0
Z−1(z, pRz , µR, a
−1)h˜(z, Pz, a−1) = lim
→0
Z−1(z, pRz , µR, µ, )h˜(z, Pz, µ, ) , (27)
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which allows us to compute the matching coefficients in continuum theory. Here µ
is the scale introduced in dimensional regularization.
Two strategies have been developed for the matching procedure in lit-
erature:66,83 One strategy is to first convert the RI/MOM matrix element
h˜R(z, Pz, p
R
z , µR) into the MS scheme in coordinate space,
66 and then Fourier trans-
form to momentum space to obtain the MS quasi-PDF, and eventually match
the latter to the MS PDF.48 The other strategy is to first Fourier transform
h˜R(z, Pz, p
R
z , µR) into momentum space to obtain the RI/MOM quasi-PDF, and
then match the latter directly to the MS PDF.83 Both strategies are equivalent in
principle.
For the first strategy, the conversion factor Z
RI/MOM
MS
between the RI/MOM and
MS scheme is the difference between Z(z, pRz , µR, µ, )
66 and the MS renormaliza-
tion constant ZMS(),
Z
RI/MOM
MS
(z, pRz , µR, µ) =
Z(z, pRz , µR, µ, )
ZMS()
=
Z(z, pRz , µR, µ, )
1 +
αsCF
2pi
3
2
[
1

− γE + ln(4pi)
]
+O(α2s)
.
(28)
In the MS quasi-PDF, the IR divergences are regulated with dimensional regular-
ization as the quarks are massless. In Ref.,86 renormalization of the quasi-PDF have
also been provided for finite quark masses.
The matching coefficient for the quasi-PDF in the MS scheme is48
CMS
(
ξ,
µ
|y|P z
)
− δ (1− ξ)
=
αsCF
2pi

(
1 + ξ2
1− ξ ln
ξ
ξ − 1 + 1 +
3
2ξ
)[1,∞]
+(1)
− 3
2ξ
ξ > 1(
1 + ξ2
1− ξ
[
− ln µ
2
y2P 2z
+ ln
(
4ξ(1− ξ))]− ξ(1 + ξ)
1− ξ
)[0,1]
+(1)
0 < ξ < 1(
−1 + ξ
2
1− ξ ln
−ξ
1− ξ − 1 +
3
2(1− ξ)
)[−∞,0]
+(1)
− 3
2(1− ξ) ξ < 0
+
αsCF
2pi
δ(1− ξ)
(
3
2
ln
µ2
4y2P 2z
+
5
2
)
, (29)
where ξ = x/y, and the plus functions are defined in a general way as∫
D
dx [h(x)]D+(x0)g(x) =
∫
D
dx h(x)[g(x)− g(x0)] , (30)
where D is the domain where the function h(x) is defined.
In the limit of |z| → 0, the conversion factor is logarithmically divergent,
lim
|z|→0
Z
RI/MOM
MS
(z, pRz , µR, µ) = 1 +
αsCF
2pi
[
3
2
ln
(
µ2z2e2γE
4
)
+
5
2
]
+O(α2s) , (31)
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and CMS does not satisfy vector current conservation, which could potentially make
numerical implementations intriciate. Note that this limit is determined by the short
distance property of the nonlocal Wilson line operator, so it is independent of the
external state parameters pRz or µR. Therefore, it was proposed that one changes
the MS scheme to the “ratio scheme”,48 and the conversion factor is perturbatively
modified as
Z
RI/MOM
ratio (z, p
R
z , µR, µ) =
Z
RI/MOM
MS
(z, pRz , µR, µ)
1 +
αsCF
2pi
[
3
2
ln(µ2z2e2γE/4) +
5
2
]
+O(α2s)
, (32)
with
lim
|z|→0
Z
RI/MOM
ratio (z, p
R
z , µR, µ) = 1 +O(α
2
s) , (33)
and the corresponding matching coefficient
Cratio
(
ξ,
µ
|y|P z
)
− δ (1− ξ)
=
αsCF
2pi

(
1 + ξ2
1− ξ ln
ξ
ξ − 1 + 1−
3
2(1− ξ)
)[1,∞]
+(1)
ξ > 1(
1 + ξ2
1− ξ
[
− ln µ
2
y2P 2z
+ ln
(
4ξ(1− ξ))− 1]+ 1 + 3
2(1− ξ)
)[0,1]
+(1)
0 < ξ < 1(
−1 + ξ
2
1− ξ ln
−ξ
1− ξ − 1 +
3
2(1− ξ)
)[−∞,0]
+(1)
ξ < 0
.
(34)
satisfies vector current conservation.48
This two-step matching procedure with MS (or a different modified MS) as in-
termediate scheme has been implemented in the lattice calculations of iso-vector
quark PDFs by the European Twisted Mass (ETM) Collaboration.23,24,87
The other strategy for matching the quasi-PDF in the RI/MOM scheme is more
straightforward.83 If we define the Fourier transform of the conversion factor to be
Z¯
RI/MOM
MS
(η,
µR
pRz
,
µ
µR
) ≡ pRz
∫
dz
2pi
eiηp
R
z zZ
RI/MOM
MS
(z, pRz , µR, µ) , (35)
then the matching coefficient between the RI/MOM quasi-PDF and MS PDF is48
CRI/MOM
(
x
y
,
µR
pRz
,
µ
yP z
,
yP z
pRz
)
=
∫
dη Z¯
RI/MOM
MS
(
η,
µR
pRz
,
µ
µR
)
CMS
(
x
y
− η
y
pRz
P z
,
µ
yP z
)
.
(36)
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At one-loop order, the matcing coefficient CRI/MOM has been computed with
off-shell quark states83,85 for different Γ and projection operators P,
CRI/MOM
(
ξ, r,
pz
µ
,
pz
pRz
)
=δ(1− ξ) +
[
q˜
(1)
B (ξ, ρ)− q(1)(ξ, p, µ)− q˜(1)CT
(
ξ, r,
pz
pRz
)] ∣∣∣∣∣
P
+O(α2s)
=δ(1− ξ) +
[
f0
(
ξ,
pz
µ
)
−
∣∣∣∣ pzpRz
∣∣∣∣ fP (1 + pzpRz (ξ − 1), r
)]
+
+O(α2s) , (37)
where ρ = −p2/(pRz )2, r = µ2R/(pRz )2, pz = yP z. q˜(1)B and q(1) are one-loop cor-
rections to the bare quasi-PDF and MS light-cone PDF, and q˜
(1)
CT is the one-loop
RI/MOM counter-term to the quasi-PDF in the Euclidean space (with r > 1). f0 is
the difference between q˜
(1)
B and q
(1) in the large momentum and on-shell limit ρ→ 0,
and is independent of P and the gauge choice for the bare quasi-PDF, whereas fP
comes from q˜
(1)
CT and depends on P as well as the gauge condition.
It should also be noted that the matching coefficient CRI/MOM guarantees the
vector current conservation.
Without loss of generality, in the Landau gauge, the results for Γ = γt and
mimimal projection at one-loop order are85
f0
(
ξ,
pz
µ
)
=
αsCF
2pi

1 + ξ2
1− ξ ln
ξ
ξ − 1 + 1 ξ > 1
1 + ξ2
1− ξ ln
4ξ(1− ξ)p2z
µ2
− ξ(1 + ξ)
1− ξ 0 < ξ < 1
−1 + ξ
2
1− ξ ln
ξ
ξ − 1 − 1 ξ < 0
, (38)
and
fP(ξ, r) = f˜t(ξ, r) =
αsCF
2pi

−3r2 + 13rξ − 8ξ2 − 10rξ2 + 8ξ3
2(r − 1)(ξ − 1)(r − 4ξ + 4ξ2)
+
−3r + 8ξ − rξ − 4ξ2
2(r − 1)3/2(ξ − 1) tan
−1
√
r − 1
2ξ − 1 ξ > 1
−3r + 7ξ − 4ξ2
2(r − 1)(1− ξ)
+
3r − 8ξ + rξ + 4ξ2
2(r − 1)3/2(1− ξ) tan
−1√r − 1 0 < ξ < 1
−−3r
2 + 13rξ − 8ξ2 − 10rξ2 + 8ξ3
2(r − 1)(ξ − 1)(r − 4ξ + 4ξ2)
−−3r + 8ξ − rξ − 4ξ
2
2(r − 1)3/2(ξ − 1) tan
−1
√
r − 1
2ξ − 1 ξ < 0
.
(39)
More complete results can be found in Refs. 83, 85. This strategy has been im-
plemented in the lattice calculations of the isovector quark PDFs in the proton and
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pion by the Lattice Parton Physics Project (LP3) Collaboration.25–29,85,88
At last, it should be noted that there is another distinct method to renormal-
ize the quasi-PDF on lattice, which is based on a redefinition of the quasi-PDF
with the gradient flow method.89 The smeared quasi-PDF with the gradient flow
remains finite in the continuum limit, which in principle avoids the renormalization
on lattice, and can be perturbatively matched on the light-cone PDF.90
5. Power corrections
In the most recent calculations done by the LP3 and ETM collaborations,23,24,26–28
the largest proton momentum on lattice are 3.0 GeV and 1.4 GeV respectively. By
naive power counting, the mass and higher-twist corrections can be non-negligible,
and a systematic subtraction of them is necessary for precision calculations.
The mass correction is purely kinematic, and is essentially the target-mass cor-
rection that is known in literature.79,80 We can implement it on the quasi-PDF
through the following formula,21
˜˜q(x) =
√
1 + 4c
∞∑
n=0
fn−
fn+1+
[
(1 + (−1)n)q˜
(
fn+1+ x
2fn−
)
+ (1− (−1)n)q˜
(
−f
n+1
+ x
2fn−
)]
=
√
1 + 4c
∞∑
n=0
(4c)n
f2n+1+
[
(1 + (−1)n)q˜
(
f2n+1+ x
2(4c)n
)
+ (1− (−1)n)q˜
(
−f
2n+1
+ x
2(4c)n
)]
,
(40)
where c = M2/(4P 2z ), and f± =
√
1 + 4c± 1.
In practice, one truncates the above series at fixed n. If we truncate it at n = 0,
Eq. (40) reduces to
˜˜q(x) =
2
√
1 + 4c√
1 + 4c+ 1
q˜
(
(
√
1 + 4c+ 1)x
2
)
. (41)
As for the corrections of order O(Λ2QCD/P
2
z ), they originate from the higher-twist
contributions. One can sum the higher-twist terms in the OPE in Eq. (11), and then
calculate them from lattice QCD. The explicit form of the twist-4 contribution to
the quasi-PDF has been given in Ref. 21,
q˜twist−4(x, P z,Λ) =
1
8pi
∫
dz Γ0(−ixP zz)〈P |O˜tr(z)|P 〉 , (42)
where Γ0 is the incomplete Gamma function, and
O˜tr(z) =
∫ z
0
dz1 ψ¯(0) [γ
νW (0, z1)DνW (z1, z)
+
∫ z1
0
ΓW (0, z2)D
νW (z2, z1)DνW (z1, z)
]
ψ(z) . (43)
As has been discussed in Sec. 3, it is necessary to perform a lattice renormal-
ization of the matrix elements of the quasi-PDF, which includes the higher-twist
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contributions such as q˜twist−4. However, the renormalization of O˜tr(z) is highly non-
trivial, as it can mix with the lower dimensional operator O˜Γ(z) on lattice with a
power-divergent coefficient, which would require a nontrivial subtraction for us to
take the continuum limit. This is an open question that remains to be answered,
and can be important to reducing the systematic uncertainties in the final result of
the PDF at small-x.
For current calculations, one can postpone the O(Λ2QCD/P
2
z ) subtraction and
apply the other systematic corrections for quasi-PDF at different P z’s first. At the
final step, one can use a simple form A(x) +B(x)/P 2z to extrapolate the results to
the P z → ∞ limit to eliminate all the higher-twist corrections. Nevertheless, the
effectiveness of this treatment should be investigated for small-x distributions as
the higher-twist effects in this region is enhanced by 1/x2.
6. Selected lattice results
With the development of nonperturbative renormalization, significant progress has
been made on the lattice calculation of PDFs using the LaMET approach.
The first lattice calculations at physical pion mass with nonperturbative renor-
malization have been independently carried out by the ETM and LP3 collabora-
tions. So far, the proton isovector unpolarized,23,26 helicity,23,27 and transversity
quark PDFs24,28 have been calculated through the systematic procedure described
in previous sections. Compared to earlier calculations without lattice renormaliza-
tion,19–22 the updated results show significantly better agreement with PDFs from
global analysis of high-energy scattering data.
To illustrate the results, we take a recent calculation of the proton isovector
quark helicity distribution by the LP3 collaboration27 as an example. The calcula-
tion was carried out with valence clover fermions on an ensemble of 884 configura-
tions with lattice spacing a = 0.09 fm, box size L ≈ 5.8 fm, pion mass Mpi ≈ 135
MeV, and Nf = 2 + 1 + 1 (degenerate up/down, strange and charm) dynamical
flavors of highly improved staggered quarks (HISQ)91 generated by the MILC col-
laboration.92 Gaussian momentum smearing93 was used for the quark field to reach
large proton boost momenta with ~P = {0, 0, n 2piL } and n ∈ {10, 12, 14}, correspond-
ing to 2.2, 2.6, and 3.0 GeV, respectively. 1-step hypercubic smearing for the gauge
link was used to suppress the discretization effects.
The bare proton matrix elements of O˜γzγ5(z) were calculated with six source-
sink separations, tsep ∈ {0.54, 0.72, 0.81, 0.90, 0.99, 1.08} fm with the number of
measurements {16, 32, 32, 64, 64, 128}k, respectively. To control the excited-state-
contaminations, four different two-state fitting strategies94 were employed and con-
sistent proton matrix elements were obtained, as shown in Fig. 1.
The RI/MOM renormalization factor Z was calculated from the amputated
Green’s function of O˜γzγ5(z) with minimal projection in the Landau gauge on the
same lattice ensemble. The z-component of the external quark momentum pRz ranges
from 0 to 3.0 GeV, whereas two values (2.3 and 3.7 GeV) were chosen for the sub-
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traction scale µR. The p
R
z and µR dependence in the final result of the PDF shall
be cancelled out by the perturbative matching and continuum limit. For the calcu-
lation in Ref. 27, only one lattice spacing was used and the perturbative matching
was at one-loop order, so there are still remnant pRz and µR dependence after all
the systematic corrections. Therefore, pRz = 2.2 GeV, µR = 3.7 GeV were chosen
as central values, while the uncertainty from the remnant pRz and µR dependence
was estimated by the variation of pRz and µR with the available data and included
in the final result. The renormalized proton matrix elements of O˜γzγ5(z) are shown
in Fig. 2.
After renormalization, one can then perform a Fourier transform to obtain the
RI/MOM quasi-PDF. Due to the finite number of lattice data points, the Fourier
transform was done by interpolating the points and truncating at a maximal value
of |z| for the integration over z. To eliminate the unphysical oscillation originating
from the truncation, the derivative method25 was used for the Fourier transform:
∆q˜R(x, P z, µR, p
R
z ) =
∫ ∞
−∞
dz
4pi
ieixP
zz
xP z
∂zh˜R(z, P
z, µR, p
R
z ) , (44)
which is equivalent to the direct Fourier transform under the premise that
h˜R(z, P
z, µR, p
R
z ) → 0 in the limit of |z| → ∞. For the lattice data, truncation of
the above integral at |zmax| is in effect a cutoff of long range correlations, which will
3
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FIG. 1. The real (top) and imaginary (bottom) parts of
the bare proton matrix elements for the isovector quark he-
licity as functions of z at all three momenta (2.2, and 2.6
and 3.0 GeV indicated by red, green and blue, respectively).
Their kinematic factors have been omitted to enhance visi-
bility by separating the small-z matrix elements. At a given
positive z value, the data are slightly o↵set to show di↵er-
ent ground-state extraction strategies; from left to right they
are: two-simRR using all tsep (Fit-1), two-simRR using the
largest 5 tsep (Fit-2), two-sim using the largest 4 tsep (Fit-3),
and two-sim using the largest 3 tsep (Fit-4). All fits yield
consistent results, as would be expected if the excited-state
contamination is well-described by the two-state model.
(with only one additional excited-state related element)
to obtain the ground-state nucleon matrix elements us-
ing largest four source-sink separations. Fit-4 uses the
same strategy as in Fit-3 but with only the largest three
source-sink separations. Fig. 1 shows the bare matrix el-
ements for a range of positive z for all three momenta; all
four fits yield consistent results. The two-simRR analy-
sis using tsep as small as 0.54 fm (Fit-1) gives consistent
results with the two-sim analysis using tsep,min of 0.81 fm
(Fit-3), with approximately the same statistical errors
after removing the excited-state contamination. Similar
results are obtained by two other fits Fit-2 and Fit-4,
except with larger uncertainty due to fewer three-point
proton correlators. We use the fit with two-simRR with
tsep,min = 0.72 fm for our final analysis.
To obtain the nonperturbative renormalization factor,
one needs to calculate the matrix elements of Oˆ(z, a) in
a large-momentum quark state with point sources. The
momentum dependence is studied with the z-component
ranging from pRz = 0 to 3 GeV at o↵-shell mass µR = 2.3
and 3.7 GeV. For µR = 3.7 GeV, the renormalization fac-
tor changes appreciably in the small-pRz region, whereas
Pz=2.2 GeV
Pz=2.6 GeV
Pz=3 GeV
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FIG. 2. The real (top) and imaginary (bottom) parts of the
renormalized proton matrix elements as functions of zPz, at
renormalization scale µR = 3.7 GeV, and p
R
z = 2.2 GeV.
at large pRz , it reaches a plateau. Similar behavior is ob-
served in the µR = 2.3 GeV case. We pick p
R
z = 2.2 GeV
as our central value for the renormalization factor.
The renormalized isovector quark-helicity correlators
as functions of zPz are shown in Fig. 2 for µR = 3.7 GeV,
and pRz = 2.2 GeV, with the real part shown in the top
panel and the imaginary at the bottom. The red, green,
and blue colors indicate proton momenta of 2.2, 2.6 and
3.0 GeV, respectively. We normalize all the matrix ele-
ments with h˜R(Pz, z = 0) and multiply the final result by
gA = 1.275. The nonzero long-range correlation in zPz
reflects the significant presence of small-momentum par-
tons. The data indicate that the correlation approaches
a near-constant value, and therefore, we use the “deriva-
tive” method proposed in our earlier work [25] to obtain
the quasi-PDF:
 q˜R(x, Pz) =
Z +zmax
 zmax
dz
ieixPzz
x
@zh˜R(z, Pz). (4)
Again @zh˜R(z, Pz) is consistent with zero for |z| > 15a,
and we vary zmax to estimate the error, which is small
compared with other systematics.
We show in the top panel of Fig. 3 a comparison be-
tween the renormalized quasi-PDF at Pz = 3.0 GeV and
the isovector quark helicity distribution resulting from
the matching formula in Eq. 3 with proton-mass correc-
tion (see Ref. [12] for details on the de-convolution).
The error bands are statistical only. The matching cor-
rections suppress the distribution at mid x to large x,
yielding a positive antiquark (negative-x region) helicity
for x <  0.1. This is physically intuitive because match-
Fig. 1. The real (top) and imaginary (bottom) parts of the bare proton matrix elements of
O˜γzγ5 (z) for the iso-vector case at momentum P
z =2.2, 2.6 and 3.0 GeV, as indicated by red, green
and blue points respec ively. At a given positive z value, the data are slightly offset horizontally
to show different ground-stat extra tion strategies. From left to righ : two-simRR using all tsep,
two-simRR using the largest five tsep’s, two-sim using the largest four tsep’s, and two-sim using
the largest three tsep’s. All four different fits yield consistent results.
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Fig. 2. The real (top) and imaginary (bottom) parts of the renormalized proton matrix elements
of O˜γzγ5 (z) as functions of zPz , at renormalization scales µR = 3.7 GeV, and p
R
z = 2.2 GeV.
introduce uncontrolled systematic uncertainty for the quasi-PDF at small-x. To esti-
mate such uncertainty, the |zmax| was varied beyond 15a. Since ∂zh˜R(z, P z, µR, pRz )
is consistent with zero for |z| > 15a, the uncertainty is very small compared to the
other systematics. The final result was taken at |zmax|P z ∼ 20.
The next step is to apply the mass and matching corrections, as shown in the
upper panel of Fig. 3. The mass correction is much smaller compared to the matching
corrections. As one can see, the matching correction suppresses the quasi-PDF for
x > 0.15, while enhances it for x < 0.15. Noticeably, a postive antiquark (x < 0)
helicity distribution was obtained, which is consistent with experiments. In the lower
panel of Fig. 3, the final results from all three different proton momenta are shown.
For x > 0.1, the differences among them are small, indicating that higher-twist
effects are well suppressed in this region. In contrast, the central values for x < 0.1
shift noticeably from P z = 2.2 to 3.0 GeV.
Finally, a comparison of the final result for P z = 3.0 GeV and two recent global
analysis of the isovector quark helicity PDF by NNPDFpol1.195 and JAM96 is
shown in Fig. 4. The lattice result is consistent with both analyses within 1σ for the
moderate-x region 0.1 < x < 0.7. For x close to 1, the prediction is limited by the
finite lattice spacing, whereas the systematic uncertainty for 0 < x < 0.1 is larger
and not well under control. The antiquark distribution shows agreement with the
experimental fits, but the uncertainties are also larger.
In addition to the isovector quark helicity PDF, similar results have also been
obtained for the unpolarized distribution.26 The remarkable agreement between
the lattice calculation and global analyses of the PDF shows that the systematic
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Fig. 3. Top panel: quark helicity quasi-PDF in RI/MOM scheme at proton momentum P z =
3.0 GeV, µR = 3.7 GeV, p
R
z = 2.2 GeV and resulting physical PDF in MS scheme at µ = 3 GeV.
The error bands are statistical. The bottom panel shows the matched physical PDFs from all three
proton momenta.
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Fig. 4. Comparison of the lattice result of proton isovector quark helicity PDF at µ = 3.0 GeV
with fits by NNPDFpol1.195 and JAM.96 The red band contains statistical error while the gray
band also includes estimated systematics from finite lattice spacing, finite volume, higher-twist
corrections, as well as renormalization scale uncertainties.
corrections to the quasi-PDFs are improving the results in the right direction. This
improvement has also been observed by the recent lattice calculations done by the
ETM Collaboration.23
Finally, it is worthwhile to mention that, the lattice calculations of the iso-vector
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transversity PDF with the LaMET approach, which has been done by the ETM24
and LP328 collaborations, have already reached a precision that is even better than
the up-to-date experimental fits. Fig. 5 shows a recent calculation using the same
lattice ensemble by the LP3 collaboration,28 where the lattice result of the isovector
transversity PDF was compared to the global analysis by JAM1797 and a combined
fit (LMPSS97) constrained by the lattice-average of the tensor charge gT , which is
the lowest moment of the transversity PDF. As one can see, the lattice result has
much smaller uncertainties compared to global analysis. The combined analysis with
constraints from lattice-averaged gT can significantly improved the precision, and is
consistent with the LP3 result within 2σ in the positive x region. More importantly,
the lattice calculation can predict the anti-sea flavor asymmetry to be consistent
with zero, which has been assumed by all global analyses so far. This calculation
can provide an important constraint on the experimental fits of transversity PDFs.
LP3
JAM17
LMPSS17
-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0-1
0
1
2
3
4
x
δu(x)-
δd(x)
Fig. 5. Comparison of the lattice result of proton isovector quark transversity PDF at µ = 3.0
GeV with fits by JAM17 and LMPSS.97
For a complete analysis of the systematics, one should also study: 1) Lattice
discretization effects. As has been discussed in Sec. 3, the renormalized quasi-PDF
should have a continuum limit as a → 0. At finite a, the discretization effects
could be of the order O(P 2z a
2, µ2Ra
2, a2(pRz )
2). It is highly desirable to eliminate
such effects by calculating at several different spacings and extrapolating to the
continuum. 2) Matching at higher loop orders. As shown in Fig. 3, the next-to-
leading order matching brings considerable corrections to the renormalized quasi-
PDF, so it is necessary to consider the next-to-next-to-leading order matching to
examine the convergence of perturbative corrections. 3) Finite volume effects. Since
the lattice calculations are done in a finite volume, the periodic boundary condition
can lead to significant finite volume effects when the extension of the nonlocal
operator is comparable to half of the size of the lattice, as was found from a one-loop
study of the scalar current-current correlator.98 This will force a truncation of the
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long range correlation for the quasi-PDF, thus leading to uncontrolled systematics
in the small-x distribution. Meanwhile, to extract the physical matrix elements,
one should also do the calculation with different volumes and extrapolate to the
infinite volume limit. Nevertheless, with large hadron momentum, the finite volume
effects can be contained as the short range correlations dominate. 4) Resummation
of matching corrections in certain kinematic regions. The corrections in the end-
point regions x→ 0 and x→ 1 can be more significant than the tree-level matching
(i.e. no matching correction) result, then resummation will become necessary.
To improve the prediction for small-x distributions, one will ultimately rely on
having finer lattice spacings so that within the window a−1  P z  Λ−1QCD, one
can obtain large enough P z to suppress O(Λ2QCD/(xP
z)2) effects for a wider range
of x while keeping the discretization effects small. Nevertheless, it will be helpful
to calculate the higher-twist corrections with proper renormalization and matching
on lattice, though it requires more sophisticated techniques.
7. Other developments of LaMET
Currently, the lattice calculation of PDFs is limited to the isovector cases. To sepa-
rate the quark flavors, one has to include the mixing with gluons, which will require
us to calculate the gluon quasi-PDF16 on lattice. A first calculation of the matrix el-
ements of the equal-time correlators for the gluon quasi-PDF on lattice has already
been carried out.99 Just like the quark case, the gluon quasi-PDF also needs to un-
dergo renormalization and perturbative matching. It has been proven that the gluon
quasi-PDF can also be multiplicatively renormalized in coordinate space,77,78 and
its matching along with the singlet quark quasi-PDF has been studied at one-loop
order in the transverse momentum cutoff and MS schemes.100,101 A nonpertur-
bative renormalization of gluon quasi-PDF on lattice can also be carried out in
the RI/MOM scheme,77 and with the matching kernels calculated in perturbative
QCD,102 one can expect to see a first lattice calculation of gluon PDF as well flavor
separated or singlet quark PDFs with the LaMET approach.
In addition to the one-dimensional parton distributions, we can also extend our
study to the transverse structures of the hadron.
The GPD is defined as the off-forward hadron matrix elements of the same light-
cone correlator as the PDF. Its dependence on the momentum transfer of the hadron
will provide information of the distribution of partons in the transverse coordinate
space, similar to form factors. To calculate GPDs from lattice with LaMET, one can
start from the quasi-GPD that is defined with the same equal-time correlator O˜Γ(z)
for the quasi-PDF. Since the renormalization and matching for the quasi observables
are determined by the UV or short distance properties of the operator itself, it is
natural to apply the results from Secs. 3 and 4 for the quasi-GPDs. In practice,
the quasi-GPD can be renormalized with the same factors for the quasi-PDF, but
the matching needs to be re-derived. The matching kernels for the quasi-GPDs in a
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transverse momentum cutoff scheme has been derived in literature,103,104 while the
matching kernels for the RI/MOM quasi-GPD105 will be the necessary ingredient
for the lattice calculations. As a special limit of GPD, the one-loop matching kernel
of the quasi distribution amplitudes in the RI/MOM scheme is already available.106
On the other hand, the TMDPDFs describe the structure of hadrons in the
transverse momentum (qT ) space. They are also defined from light-cone correlators,
except that it includes a staple-shaped Wilson line that extends to light-cone infinity
which leads to the so called “rapidity” divergences, and a soft factor subtraction is
needed to cancel these divergences and give phenomenologically meaningful TMD-
PDFs in factorization theorems.107 To calculate the TMDPDFs from lattice with
LaMET, one should also construct quasi distributions for both the staple-shaped
Wilson line operator as well as the soft factor. While the former can be naively gen-
eralized from the quasi-PDF case and perturbatively matched onto the light-cone
correlator, the latter faces intrinsic obstacle as it involves Wilson lines in two distinct
light-cone directions that cannot be related to an equal-time correlator through a
single Lorentz boost.
The construction of quasi observables for the TMDPDF and their perturbative
matching has been studied in Refs. 108, 109, 110. It is found that for certain def-
initions of the quasi soft factor, a perturbative matching onto to the TMDPDF
exists at one-loop order108,110 for qT ∼ ΛQCD. Recently, a method was developed
to determine the nonperturbative anomalous dimension for the TMDPDF evolu-
tion in the rapidity scale from lattice QCD.111 Besides being a novel target for
lattice QCD, this will also enable important improvements to experimental fits of
the TMDPDFs. After all, it is necessary to continue pursuing the lattice calculation
of TMDPDFs with the goal of ultimately overcoming other complications that arise
in these challenging observables.
8. Conclusion
In this paper, we have described the formalism of LaMET and shown how it can
be used as a general approach to calculate parton physics in lattice QCD. We have
also provided details of the systematic procedure of calculating light-cone PDFs with
this approach, which includes nonperturbative lattice renormalization, perturbative
matching, as well as mass and higher-twist corrections. This systematic procedure
has been applied to the recent lattice calculations of proton isovector quark PDFs for
the unpolarized,23,26 helicity,23,27 and transversity cases24,28 at physical pion mass,
and remarkable agreements with global fits from experiments have been reached.
Especially, the precision of the transversity PDF is better than the up-to-date global
analysis, and lattice calculation is capable of predicting the anti-sea distributions
that have been assumed to be zero in experimental fits, which will have significant
impact on phenomenology.
Such progress shows a promising sign that the systematic corrections in LaMET
are working in the right direction to improve the prediction of light-cone PDFs,
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and it is worthwhile to investigate the other systematics in this program in order to
reach a better precision with current computing resources. In the short term, lattice
calculations should aim at providing complementary information of the PDFs that
are not well constrained from current experiments. In the long term, with increased
computing power and improved systematics, one can evision precision calculations.
Since the multi-dimensional hadron structure will be among the top scientific goals
at the electron-ion collider,112 the frontier of QCD in the next decade, it will be
exciting to see the interplay between lattice QCD and high-energy experiments
providing accurate description of hadronic structures and input for Standard Model
calculations.
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